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ABSTRACT Here we report the results of applying substructure synthesis method to the simulation of F-actin ﬁlaments of
several microns in length. The elastic deformational modes of long F-actin ﬁlaments were generated from the vibrational modes
of the 13-subunit repeat of F-actin using a hierarchical synthesis scheme. The computationally synthesized deformational
modes, in the very low-frequency regime, are in good agreement with theoretical solutions for long homogeneous elastic rods,
which conﬁrmed the usefulness of substructure synthesis method. Other low-frequency modes carry rich local deformational
features that are unique to F-actins. All these modes thus provide a theoretical basis set for a description of spontaneously
occurring thermal deformations, such as undulations, of the ﬁlaments. The results demonstrate that substructure synthesis
method, as a method for computational modal analysis, is capable of scaling up the microscopic dynamic information, obtained
from atomistic simulations, to a wide range of macroscopic length scale. Moreover, the combination of substructure synthesis
method and hierarchical synthesis scheme provides an effective way in dealing with complex systems of periodic repeats that
are abundant in cells.
INTRODUCTION
Actins are ﬁlamentous protein complexes that are important
for cell transport, cytoskeletal support, and contractile events
in almost all eukaryotic cells (Chen et al., 2000). They exist
in two forms. In non-ionic solutions, the dominant form is
a monomeric G-actin of 41kD. In the presence of salt,
however, G-actin monomers polymerize into a double-
stranded helical polymer called F-actin, the functional form
of actins (Oda et al., 2001). Structural information on actins
(Fig. 1) includes the atomic coordinates of G-actin (Kabsch
et al., 1990; McLaughlin et al., 1993; Otterbein et al., 2001;
Robinson et al., 1999; Schutt et al., 1993), the Holmes model
of F-actin ﬁlaments established from ﬁber diffraction
(Holmes et al., 1990) and several related versions (Holmes
et al., 1993; Lorenz et al., 1995, 1993; Tirion et al., 1995). In
the Holmes model, F-actin ﬁlaments appear to be formed by
two right-handed long-pitch helical strands that twist around
each other with a rise of 27.5 A˚ and a rotation angle of
–166.158 per monomer around the ﬁlament axis (Fig. 1 b).
The minimum repeat of the double-stranded helix is ;35.75
nm and contains 13 monomers (the 13-subunit repeat) and
the total length of F-actin attains several microns or longer.
There are growing lines of experimental evidence (Huxley
et al., 1994; Kojima et al., 1994; Wakabayashi et al., 1994)
indicating that a large portion of dynamic properties of
F-actin ﬁlaments, such as those modulating operations of
molecular motors, is directly related to their intrinsic
elasticity. Therefore, a molecular understanding of the mech-
anical elastic properties of F-actin ﬁlaments is vital to elu-
cidating their roles in motile and cytoskeletal systems.
From more than two decades of computational studies
(Brooks III et al., 1988; McCammon and Harvey, 1987), it is
well-established that elastic motions of molecular complexes
can be well approximated by large-scale low-frequency
vibrations of the structures, which also play a dominant role
in complex biomolecular dynamics in general. Powerful
computational methods for studying those low-frequency
vibrations include harmonic modal analyses such as normal
mode analysis (NMA) (Brooks et al., 1995), quasi-harmonic
analysis (Janezic et al., 1995), and its related version of
essential dynamics (Amadei et al., 1993). Moreover, several
recently developed methods provided a broadened way of
analyzing biomolecular structures. The ones most relevant to
this work are the Ca-based elastic network model (Atilgan
et al., 2001; Bahar et al., 1997; Tirion, 1996) that can
calculate low-frequency modes based on a much simpler
potential function (Doruker et al., 2002; Hinsen, 1998;
Keskin et al., 2002; Li and Cui, 2002; Tama and Brooks III,
2002), and the quantized elastic deformational model
(QEDM) (Ming et al., 2002a; Tama et al., 2002) that is
designed to simulate biomolecules based on only low-
resolution density maps (Chacon et al., 2003; Ming et al.,
2002b).
To extend the computational capacity in simulating
vibrational motions of very long ﬁlamentous systems such
as actins, we have recently developed a new method,
substructure synthesis method (SSM) (Ming et al., 2003).
The essential idea is to treat a given molecular complex
structure as an assemblage of substructures. The choices of
substructures can be arbitrary and sometimes quite natural,
for example domains, subunits, or large segments of bio-
molecular complexes. The motions of these substructures are
ﬁrst represented by a set of substructure modes obtained by
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methods such as NMA. Then, the entire structure is
generated by linking the substructures together using a set
of constraints to enforce geometric compatibility at the
interfaces of adjacent substructures. The vibrational modes
of the entire structure are determined from substructure
modes using the Rayleigh-Ritz principle (Temple and
Bickley, 1956). For periodically repeating systems, a hierar-
chical synthesis scheme (HSS) can be used in combination
with SSM to rapidly achieve the desired complexity.
Computationally, SSM gains efﬁciency by avoiding the full
eigenvalue problem for the entire structure and only dealing
with a much more desirable problem for the substructures.
In this article, we report the application of SSM-HSS to
the synthesis of the vibrational modes of F-actin ﬁlaments of
4.6 microns from the modes of a single 13-subunit repeat.
Our results clearly demonstrate that SSM-HSS is an effective
way to scale up the microscopic dynamic information, ob-
tained from atomistic simulations, to a wide range of mac-
roscopic length scale.
METHODS
Outline of SSM
In SSM (Ming et al., 2003), a given structure is assumed to be composed of
a set of substructures. Let us ﬁrst consider a particular substructure s and
assume that it moves independently of all other substructures. If us(P,t)
denotes the time-dependent displacement vector of any point, P (e.g., an
atom), on the substructure, the kinetic energy of substructure s in the
symbolic form can be written as
Ts ¼ 1
2
ð
Ds
r _uTs _us dDs ¼
1
2
ð ﬃﬃﬃrp _us; ﬃﬃﬃrp _usÞ; (1)
where ð ﬃﬃﬃrp _us; ﬃﬃﬃrp _usÞ is the inner product of ﬃﬃﬃrp _us with itself, and r is the
mass distribution. Similarly, the potential energy can be given as
Vs ¼ 1
2
½us; us; (2)
where [us, us] is the energy inner product (Meirovitch, 1980) of the vector us
with itself. Here, the energy inner product involves derivatives of us with
respect to positional variables and integration over the entire structure.
Though the mathematical forms of Eqs. 1 and 2 are written for the
substructures with distributed mass and stiffness, the extension to discrete
substructures is straightforward.
According to the Rayleigh-Ritz method (Temple and Bickley, 1956), the
displacement us(P,t) can be expressed as a linear combination of space-
dependent admissible vectors multiplied by time-dependent generalized
coordinates,
usðP; tÞ ¼ +
Ns
i¼1
fsiðPÞzsiðtÞ; (3)
where fsi ðPÞði ¼ 1; 2; . . . ;NsÞ are admissible vectors from a complete set,
which in this case are chosen to be the eigenvectors of normal modes, and
zsi ðtÞ are the time-dependent generalized normal mode coordinates. Eq. 3
can be given in the matrix form
usðP; tÞ ¼ FsðPÞzsðtÞ; (4)
whereFs is a 33 Ns matrix and zs is an Ns-dimensional vector. Inserting Eq.
4 into Eq. 1, we obtain
Ts ¼ 1
2
_z
T
sMs
_zs; (5)
where
Ms ¼ ð ﬃﬃﬃrp Fs; ﬃﬃﬃrp FsÞ (6)
is an Ns 3 Ns matrix known as the substructure mass matrix.
Correspondingly, introducing Eq. 4 into Eq. 2 gives
Vs ¼ 1
2
z
T
sKszs; (7)
where
Ks ¼ ½Fs; Fs (8)
is an Ns 3 Ns matrix termed as the substructure stiffness matrix. In the case
of orthonormalized normal modes, both Ms and Ks are diagonal.
For a structure containing m substructures, s ¼ 1,2, . . .m, that are
assumed to move independently of one another, the combined kinetic energy
of the assembled structure is
T ¼ +
m
s¼1
Ts ¼ 1
2
_z
T
dMd
_zd: (9)
Here,
zd ¼ ½zT1 ; zT2 ; . . . ; zTmT (10)
is an N-dimensional disjoint conﬁguration vector, andMd is an N3 N block-
diagonal matrix
Md ¼ block diagMs s ¼ 1; 2; . . . ;m; (11)
with N ¼ +m
s¼1Ns: Similarly, the combined potential energy function is
V ¼ +
m
s¼1
Vs ¼ 1
2
z
T
dVdzd; (12)
FIGURE 1 Structures of actins. (a) Structure of G-actin monomer that
contains 375 amino acids reﬁned by a normal mode-based method (Tirion
et al., 1995). The discontinuity of the structure in the loop region by
MOLSCRIPT (Kraulis, 1991) comes from the small distortions in the
original structure. (b) The Holmes model for a 13-subunit repeat of F-actin
ﬁlament established from ﬁber diffraction (Holmes et al., 1990, 1993; Tirion
et al., 1995) with two helical strands differently colored. To illustrate the
overall shape, the atomic coordinates were blurred to 8-A˚ resolution.
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where Kd is also an N 3 N block-diagonal matrix
Kd ¼ block diagKs s ¼ 1; 2; . . . ;m: (13)
If we assume that
zdðtÞ ¼ zdsðtÞ; (14)
where zd is a constant amplitude vector and s(t) is a time-dependent
harmonic function, we obtain the disjoint Rayleigh quotient
Rd ¼ zTdKdzd=zTdMdzd: (15)
However, in the assembled structure, the substructures are connected to
each other and are subject to forces exerted by neighboring substructures at
boundaries. Therefore, the boundary must satisfy certain geometric
compatibility conditions to preserve the structural integrity. For example,
considering two adjacent substructures r and s, we must have
us ¼ ur; r; s ¼ 1; 2; . . . ;m; s 6¼ r; (16)
at every point of the boundary to connect the disjoint substructures. If there
are Nc such constraints to connect substructures r and s, the system will have
n ¼ N  Nc degrees of freedom. Denoting z as the n-dimensional vector of
independent generalized coordinates, the relation between the disjoint vector
zd and the vector z can be expressed as
zd ¼ Cz; (17)
where C is an N 3 n rectangular matrix called the constraint matrix.
Introducing Eq. 17 into Eq. 15 gives the Rayleigh quotient
R ¼ zTKz=zTMz; (18)
where
K ¼ CTKdC and M ¼ CTMdC (19)
are the n 3 n stiffness and mass matrices for the assembled structure,
respectively. Note that they are no longer diagonal even in the case of normal
modes.
Based on the Rayleigh-Ritz principle (Temple and Bickley, 1956), one
has an eigenvalue problem,
KU ¼ MUL; (20)
where U is an n 3 n modal matrix, and L is the diagonal matrix of the
eigenvalues for the assembled structure. Using the transformation U9 ¼
Fd CU, whereFd is deﬁned in a similar way to Eq. 10 for zd, one can obtain
matrix U9, whose column vectors are the atomic displacements in the
corresponding modes of the assembled structure, which can then be directly
compared with the eigenvectors obtained from direct NMA of the assembled
structure.
Hierarchical synthesis scheme (HSS)
To generate modes for extremely long F-actin ﬁlaments, it is computation-
ally inefﬁcient to synthesize them by sequentially adding a single repeating
unit. A much more effective alternative is to use a hierarchical synthesis
scheme. The essence lies in the fact that, to generate modes for an assembled
structure from substructure modes, one only needs to utilize a set of low-
frequency modes for substructures. This principle holds up at any length
scale. For F-actin, since the ﬁlaments are periodic systems of a 13-subunit
repeat (Holmes et al., 1993), we can ﬁrst fuse two 13-subunit repeats
together by SSM, and then two such products can be fused in the following
cycle, and so on and so forth. With this procedure, the total length of the
ﬁlament Ln after n cycles of synthesis would be Ln ¼ 2nl0, where l0 is the
length of a single 13-subunit repeat (l0 ¼ 35.75 nm). Therefore, it only takes
seven synthesis cycles to approach a length of 4.6 mm, which is close to the
persistence length of actin ﬁlaments (Oosawa, 1980). This is a remarkable
perspective in terms of computational efﬁciency. Note that if we always use
the same number of lowest-frequency substructure modes, the computa-
tional cost would be the same in each cycle, regardless of the absolute length
of the intermediate ﬁlaments that are used as substructures.
A word of caution regarding the errors, which do rise when only a small
set of low-frequency substructure modes are used for synthesis (Ming et al.,
2003). The HSS procedure gains efﬁciency by keeping the computational
cost the same in each cycle, but it does so at the risk of losing precision of the
synthesized modes as the ﬁlament elongates and the ratio of the substructure
modes to the total number of degrees of freedom decreases. It is therefore
preferable to employ as many substructure modes as the computational
capacity allows and their number should also be signiﬁcantly larger than that
of the low-frequency modes one would be interested in for the ﬁnal system.
From our previous study (Ming et al., 2003), it is clear that the lowest-
frequency modes are robust.
RESULTS
Synthesis of modes for a two 13-subunit
F-actin segment
The basis of the modal synthesis of a two 13-subunit F-actin
segment is the vibrational modes of a single 13-subunit
repeat based on the Holmes model (Holmes et al., 1990)
reﬁned by normal mode-based method (Tirion et al., 1995).
Since a 13-subunit repeat has 4875 residues, it is impossible
to do an all-atom model analysis. Thus, the substructure
modes were calculated by the Ca-based elastic network
model (Atilgan et al., 2001), which has been shown in
numerous studies to be able to reliably determine the low-
frequency modes for large molecular complexes (Doruker
et al., 2002; Hinsen, 1998; Keskin et al., 2002; Li and Cui,
2002; Tama and Brooks III, 2002). In our calculation, we
used a 13-A˚ cutoff distance and 1.0 force constant (arbitrary
unit, with a dimension of [energy]/[length]2). Fig. 2, a–c9,
show the obtained typical deformational modes for a single
13-subunit repeat. These modes are presented together with
a schematic illustration (Fig. 2 d) of the motional patterns
of typical deformational modes, or waves, expected for
a homogeneous elastic rod, which includes the bending
(transverse), twisting (torsional), and stretching (longitudi-
nal) modes. Clearly, the computed low-frequency modes for
a single 13-subunit repeat (Fig. 2, a–c9) are consistent with
the theoretical solution in Fig. 2 d. The comparison of
computational results with the homogeneous elastic pro-
perties of actin ﬁlaments is justiﬁed by the fact that the
experimentally measured elastic properties of F-actin ﬁla-
ments are consistent with those of a homogeneous elastic rod
(Kojima et al., 1994; Liu and Pollack, 2002; Tsuda et al.,
1996; Yasuda et al., 1996).
In SSM, when two segments are fused together, the
treatment of geometric boundary conditions is a key issue.
As demonstrated in the previous study (Ming et al., 2003),
one would have to equalize half of the boundary points
during synthesis, i.e., one of the equivalent layers is
sacriﬁced, as schematically shown in Fig. 3 a. This is
a major source of errors for SSM (Ming et al., 2003).
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However, the errors can be asymptotically reduced and
become negligible when the weight of the sacriﬁced points is
insigniﬁcant relative to the substructure.
In the preparation for the synthesis of a two 13-subunit
F-actin segment, to make a correct structure across the inter-
face after synthesis, our substructurewas chosen tobeanentire
13-subunit repeat, plus a thin layer of points (Ca atoms) that
are equivalent to those located at the boundary of the adjacent
unit as boundary points. The boundary points were selected
solely based on their distances to the adjacent substructure.
A 5-A˚ distance search criterion was used which led to a total
of 15 boundary points (Ca atoms) (Fig. 3 b). Therefore,
the substructure contains a total of 4890 points (4875 1 15).
The 15 boundary points result in 3 3 15 ¼ 45 constraints in
the synthesis. The vibrational modes were synthesized for the
segment using 300 and 800 substructure modes.
The ﬁrst veriﬁcation of the synthesized modes is to see if
they contain the characteristic modes illustrated in Fig. 2 d.
In the very low-frequency regime, the deformational modes
of F-actin ﬁlaments should be very similar to those of
a homogeneous elastic rod. Fig. 4, a–c, shows the ﬁrst
bending, twisting, and stretching modes for the assembled
structure using 300 substructure modes. Here the ﬁrst
bending mode appears in the seventh mode (the very ﬁrst
vibrational mode), the ﬁrst twisting mode appears in the 11th
mode, and the ﬁrst stretching mode appears in the 17th
FIGURE 2 Normal modes for a 13-subunit repeat of
F-actin ﬁlament. The a–c9 represent the lowest-fre-
quency modes for each type of mode: a and a9 are the
bending modes (modes 7 and 10); b and b9 are the
twisting modes (modes 9 and 12); and c and c9 are the
stretching modes (modes 15 and 25). The two helical
strands of F-actin are in different colors. Each mode is
represented by two opposite end-point structures. The
orientation of the ﬁlament in each mode is chosen to
best illustrate that particular mode. (d ) Schematic
illustration of typical low-frequency normal modes
(bending, twisting, and stretching) for a homogeneous
elastic rod. Two lowest-frequency modes are shown for
each type of mode, with the solid arrow indicating the
increase of frequency.
FIGURE 3 (a) A schematic illustra-
tion of SSM when fusing two 3-mass-
point chains together. One of the two
boundary points (c and a9) is equalized
(sacriﬁced) during synthesis. (b) Stereo
pair for the interface of two substruc-
tures in the synthesis of a two 13-
subunit F-actin segment showing the 15
red spheres (Ca-atoms) chosen as the
boundary points by the 5-A˚ distance
search. The subunits from different
substructures are shown in different
colors. For clarity, only the subunits
near the interface are shown and the
orientation of the ﬁlament is horizontal
in the plane of the paper.
30 Ming et al.
Biophysical Journal 85(1) 27–35
mode. The order of these modes in terms of their frequencies
is consistent with the general theory of elasticity and the
stretching mode has higher stiffness. It must be noted that the
amplitudes of modes in Fig. 4, a–c, are arbitrary, and the
modes are primarily to show their motional directionality.
More quantitatively, we studied the convergence of the
ﬁrst bending mode shown in Fig. 4 a by comparing it with
a theoretical curve for a homogeneous elastic rod, which has
the form of
YnðxÞ ¼ An½ðcosbnL coshbnLÞðsinbnx1sinhbnxÞ
ðsinbnL sinhbnLÞðcosbnx1coshbnxÞ;
(21)
where L is the length of the rod, An is the amplitude of the n
th
mode, and bnL has a value of 4.730 when n¼ 2, which is the
ﬁrst bending mode (Meirovitch, 1967). Fig. 4 d shows the
results and the agreement is excellent. Therefore, SSM
successfully produced the desired modes for the F-actin
ﬁlament of two 13-subunit repeats in length.
Synthesis of modes for F-actin of several
microns by SSM-HSS
Vibrational analysis of long F-actin ﬁlaments will pro-
vide insightful information on the spontaneously occurring
thermal deformations, such as undulations, of the ﬁlaments
observed in experiments (Liu and Pollack, 2002). To
demonstrate the capacity of SSM-HSS, we synthesized an
F-actin ﬁlament of 4.6 mm that contains 128 13-subunit
repeats. Starting from the F-actin segment composed of two
13-subunit repeats synthesized in the last section, it only took
seven cycles of HSS to reach the desired length (128 ¼ 27).
This length of ﬁlament was chosen because it is close to
the persistence length of F-actins reported in the literature,
which varies within a range of 5–10 mm depending on
the experimental methods used (Liu and Pollack, 2002).
Synthesis of modes for longer ﬁlaments is straightforward.
Since we are only interested in the lowest-frequency modes
for the assembled structure, which can be robustly syn-
thesized from a small set of low-frequency substructure
modes (Ming et al., 2003), the synthesis was performed with
300 and 800 substructure modes for comparison purposes.
We found that they are sufﬁcient for a reasonable conver-
gence of the synthesized modes.
The ﬁrst issue in characterizing the synthesized modes is
the convergence of the eigenvalues, especially as the length
of the ﬁlament increases. As mentioned before, certain errors
would occur for longer ﬁlaments if we use the same number
of substructure modes in every synthesis cycle. Fig. 5 shows
the logarithms of eigenvalues as a function of ﬁlament length
using 300 and 800 substructure modes. The results are pre-
sented together with the theoretical values, which has the
form of
logli ¼p logL1C; (22)
where li is the eigenvalue of the i
th mode of a particular type,
L is the length of the ﬁlament, and integer p has a value of 4
for bending modes, and 2 for twisting and stretching modes.
The constant C is related to the elastic constant and mass of
the ﬁlament. Since in our calculation, the unit of eigenvalue
is arbitrary and we are only interested in the trends of the
curves so that the absolute value of C is irrelevant, we
normalized the curves by setting the ﬁrst point equal to each
other. All three types of modes (bending, twisting, and
stretching modes) were shown for their very lowest-
frequency modes (Fig. 5) because these are the ones that
can be most appropriately compared with the theoretical
results. For all types of lowest-frequency modes, the trends
of changes in the eigenvalues as the length of the ﬁlament
increases followed those of the theoretical values. The
lowest-frequency bending mode seems to be relatively
FIGURE 4 Lowest-frequency modes from SSM synthesis of a two 13-
subunit F-actin segment. (a) Bending, (b) twisting, and (c) stretching modes
for F-actin. In SSM, 300 low-frequency modes from each substructure were
used. Two substructures are in different colors. Each mode is represented by
two opposite end-point structures. (d ) Comparison of the theoretical
solution of a homogeneous elastic rod (Eq. 28) with the synthesized bending
mode in a. The dots represent the average positions of the bent actin ﬁlament
in the lower image of a by an arbitrary sampling density, and the central tube
represents the theoretical solution. Amplitudes were adjusted to achieve
a best match.
Simulation of Long F-Actin Filaments 31
Biophysical Journal 85(1) 27–35
insensitive to the number of substructure modes employed,
while the twisting and stretching modes have better results
when 800 substructure modes were used, as expected based
on our previous study (Ming et al., 2003), i.e., the larger the
number of substructure modes, the better the convergence of
the synthesized modes. Moreover, for all types of modes,
small deviations from theoretical curves were observed as
the length of the ﬁlaments became longer. This is because the
method loses precision as the ﬁlament elongates and the ratio
of these low-frequency modes to the total number of degrees
of freedom decreases (Ming et al., 2003).
The second issue is the nature of eigenvectors, which
describe the patterns of deformations of F-actin ﬁlaments.
From the previous study (Ming et al., 2003), the lower the
FIGURE 5 The logarithms of eigenvalues of the synthesized modes from SSM-HSS as a function of the number of the 13-subunit repeat in the F-actin
ﬁlaments, presented together with the theoretical results of homogeneous elastic rods of the same length. Two cases are shown, one with 300 substructure
modes (abbreviated as Submodes; left panels), and the other with 800 submodes (right panels). The very lowest-frequency modes are shown for (a) bending,
(b) twisting, and (c) stretching modes. The SSM and theoretical curves were normalized in each case by setting the ﬁrst point equal to each other.
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frequency of a synthesized mode, the better it converges in
its eigenvalue and eigenvector. Fig. 6 shows typical bending
modes at a few lowest-frequencies and the patterns of motion
displayed by these modes are consistent with what are
expected (see Fig. 2 d ). The indices of these modes in the
ascending order of their frequencies are 7, 9, 11, 13, 15, 17,
and 19. Each of them is accompanied by a degenerate mode
(even indices). All of these modes move in a plane, a typical
feature for a homogeneous elastic rod. This is in contrast
to the modes for the two 13-subunit F-actin segment syn-
thesized in the last section, among which there are many
low-frequencymodes, except thevery lowest one for each type
of mode, that have out-of-plane features. This is mostly
because, as the ﬁlaments become longer, the inﬂuence of
local structural features decreases and the ﬁlaments behave
more and more like homogeneous elastic rods.
Similar behavior was also observed for twisting and
stretching modes, but the results are not shown here since
they cannot be easily illustrated visually for the extremely
long ﬁlaments due to their axial nature.
CONCLUDING DISCUSSION
We have reported the application of substructure synthesis
method (SSM) (Ming et al., 2003) to the vibrational modal
analysis of F-actin ﬁlaments of several microns in length.
SSM is a new computational method that is capable of
scaling up the microscopic dynamic information, obtained
from atomistic simulations, to a wide range of macroscopic
length scale. The results also demonstrated that SSM,
together with HSS, can efﬁciently deal with periodically
repeating systems, especially the extremely large ﬁlamen-
tous ones whose elastic properties are important for their
biological functions. In addition to actin, other ﬁlamentous
systems in cells include tubulin, collagen, and DNA.
It should be noted that the effectiveness of SSM partially
depends on the choice of boundary between substructures,
which could be tricky in some cases. In systems such as
viruses, the contact surface between subunits is so extensive
that it would be hard to deﬁne the boundary points. In those
cases, other methods may work more efﬁciently (Simonson
and Perahia, 1992; Tama and Brooks III, 2002; Tama et al.,
2000; van Vlijmen and Karplus, 2001). But for ﬁlamentous
systems with long length and relatively small cross sections,
SSM-HSS is more advantageous, especially in terms of the
computational efﬁciency. In SSM-HSS, if one uses the same
number of substructure modes and the same boundary points
in each synthesis cycle, the computational cost in each cycle
will stay the same, regardless of the length of the ﬁlament.
Moreover, in contrast to the regular NMA, SSM-HSS per se
does not need to calculate the Hessian matrix, except in the
initial step of determining the substructure modes, which is
a tremendous advantage in dealing with extremely large
systems.
In our analysis, the comparison of the synthesized lowest-
frequency modes and the theoretical results of homogeneous
elastic rods was used to verify our synthesis results. There
are two extreme regimes wherein the vibrational modes of
F-actin ﬁlaments approach those of homogeneous elastic
rods (the so-called wire modes). One is at long-length limit
and the other is at lowest-end of vibrational frequency for a
ﬁxed length. Both regimes are captured by NMA in this ar-
ticle. However, this is by no means to indicate that the
deformational motions of F-actin ﬁlaments are restricted to
those modes. In fact, many modes, especially the ones for
shorter F-actin ﬁlaments and at slightly higher frequency,
carry rich local deformational features that are unique to
actin molecules (ben-Avraham and Tirion, 1995). Of par-
ticular interest are the modes with wavelengths close to the
physical size of an individual G-actin monomer (Galkin et al.,
2002; Orlova et al., 2001), including those that have
implications in the allosteric effects of local conformational
changes of a single G-actin monomer on its neighboring
subunits and the cooperativity among them (Egelman, 2001;
Egelman and Orlova, 1995). The functional implications of
these local deformational modes will be discussed elsewhere.
The synthesized vibrational modes for F-actin ﬁlaments
provide a theoretical basis set by which any arbitrary elastic
deformation of the ﬁlaments can then be expressed as a linear
combination. They also provide a means to characterize the
motions of F-actin ﬁlaments at a continuously varying length
scale, i.e., from the extremely localized high-frequency
motions all the way to global elastic deformational motions.
In a very long scale of length, the bending motions would
probably dominate, while other types of deformations such
as twisting and stretching are likely to be important to short-
range local deformations of the ﬁlaments (Egelman et al.,
1982).
FIGURE 6 The motional patterns of several lowest-frequency bending
modes for the 4.6 mm F-actin ﬁlament calculated by SSM-HSS. The indices
of the modes are marked. The even indices are the ones that degenerate to the
displayed one. The seventh mode is the lowest-frequency mode.
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As in other cases (Brooks III et al., 1988), NMA provides
a description for harmonic motions of the molecules.
However, there are certain portions of molecular defor-
mations possessing anharmonic features. Actins are not ex-
ceptions. In this regard, the harmonic basis set from NMA
can be used to determine the fraction of harmonicity in the
overall deformational motions. For many proteins, especially
for the large molecular complexes (Go et al., 1983; Levitt
et al., 1985; Li and Cui, 2002; Ma and Karplus, 1997, 1998;
Seno and Go, 1990; Tama and Brooks III, 2002; Tama and
Sanejouand, 2001), this fraction is always substantial.
The primary focus of this study is on the large-scale global
elastic deformational motions. Therefore, in our analysis,
the effects of nucleotide binding and hydrolysis were not
included. However, it is likely that the nucleotide binding
state of each individual G-actin monomer may alter the
rigidity of the monomer and in turn affect the elasticity of the
entire ﬁlaments. This will be the focus of our future work.
It is worth pointing out that the Ca-based elastic NMA
(Atilgan et al., 2001) employed in our study does not provide
any physically meaningful scale of stiffness of vibrational
modes because of its simpliﬁed potential function (Tirion,
1996). However, SSM has correctly captured the relative
trends of changes in eigenvalues as a function of the ﬁlament
length. The absolute value of stiffness of the modes, if de-
sired, can be scaled to a correct value using extra experi-
mentally measured elastic constants (Dupuis et al., 1997;
Kojima et al., 1994; Tsuda et al., 1996).
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